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1. Introduction

Problem
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1. Introduction

Problem
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Stationary MDP Nonstationary MDP
reward: r(s,a) ‘ reward: 1" (s, a)
transition kernel: P(s' | s,a transition kernel: P/*(s’ | s,a
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Problem: Can we design a near-optimal model-free

learning algorithm over Nonstationary MDPs?

Mao, W., Zhang, K., Zhu, R., Simchi-Levi, D., & Basar, T. (2025). Model-Free Nonstationary Reinforcement Learning: Near-Optimal Regret and Applications in Multiagent
Reinforcement Learning and Inventory Control. Management Science, 77(2), 1564-1580.



1. Introduction

Example - 2-player Games

(Shared) Environment

actionI l reward aCtionI 1 reward

Agent 1
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Reinforcement Learning and Inventory Control. Management Science, 717(2), 1564-1580.




1. Introduction

Example - 2-player Games

Environment from Agent 1°’s perspective

(Shared) Environment

actionI l reward aCtionT l reward

Agent 1
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1. Introduction

Example - 2-player Games

Environment from Agent 1°s perspective = NONSTATIONARY!

(Shared) Environment

actionI l reward action‘ l reward

Agent 1

-

Consider:

s Shared environment is stationary
s Agent 2 can take arbitrary actions (uncontrollable by Agent 1)

\ s As the game proceeds, Agent 2 learns and updates its policy across episodesJ

Mao, W., Zhang, K., Zhu, R., Simchi-Levi, D., & Basar, T. (2025). Model-Free Nonstationary Reinforcement Learning: Near-Optimal Regret and Applications in Multiagent
Reinforcement Learning and Inventory Control. Management Science, 77(2), 1564-1580.




1. Introduction

Example - 2-player Games

Environment from Agent 1°’s perspective

(Shared) Environment

actionI l reward aCtionT l reward

Agent 1

]
—y -
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Decentralized: Agent 1 cannot observe the actions taken by Agent 2

= Agent 1 has no access to the complete model of the environment

= Agent 1 should learn the policy by simulation (Model-free Learning)

\. J

Mao, W., Zhang, K., Zhu, R., Simchi-Levi, D., & Basar, T. (2025). Model-Free Nonstationary Reinforcement Learning: Near-Optimal Regret and Applications in Multiagent
Reinforcement Learning and Inventory Control. Management Science, 77(2), 1564-1580.




1. Introduction

Definition - Dynamic Regret, Variation Budget

= Dynamic Regret: The measure of the algorithm'’s performance
o Static Regret: Compare to best single policy for all episodes

= Dynamic Regret. Compare to best policy for each episode

M
= R(m, M) = (VI (sy) - VIR
m=1

s Measures the optimality of policy — appropriate for nonstationary environments

Mao, W., Zhang, K., Zhu, R., Simchi-Levi, D., & Basar, T. (2025). Model-Free Nonstationary Reinforcement Learning: Near-Optimal Regret and Applications in Multiagent
Reinforcement Learning and Inventory Control. Management Science, 77(2), 1564-1580.



1. Introduction

Definition - Dynamic Regret, Variation Budget

= Dynamic Regret: The measure of the algorithm'’s performance

o Static Regret: Compare to best single policy for all episodes

= Dynamic Regret. Compare to best policy for each episode

M
= R(m, M) = (VI (sy) - VIR
m=1

s Measures the optimality of policy — appropriate for nonstationary environments

» Variation Budget: The measure of the model's non-stationarity

s A=A +A, h=1 h=2 h=3 h=H
M-1 H m=1 [ ] > @ [ ) > cen — e
AE Zsuplrm(s a) — (s, a)| A e R + A
m=1h=1 52 m=2 ° > @ > @ > —_— e
A + A + A + A
defM 1H E 5 5
=S supllPy(1s.a) - PrCls.a)l A+ A + A .
m=1 h=1 5,4 m=M ([ ] > @ > @ > eee —
Mao, W., Zhang, K., Zhu, R., Simchi-Levi, D., & Basar, T. (2025). Model-Free Nonstationary Reinforcement Learning: Near-Optimal Regret and Applications in Multiagent 10
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2. Algorithm & Analysis

RestartQ-UCB (Hoeffding)

= RestartQ-UCB

o A familiar Q-Learning algorithm...

1 for epoch d + 1to D do }
:  Initialize: V,(s) «+ H — h+ 1,Qn(s,a) < H — h + 1, Ni(s,a) + 0, Ny(s,a) « 0,

Th(s,a) < 0,9,(s,a) « 0, forall (s,a,h) € § x A x [H];
3 forepisode k + (d — 1)K + 1 tomin{dK, M} do
4 observe s
5
6

1+
for step h + 1 to H do

Take action af « arg max, Qx (s, a), receive R} (sF,al), and observe sﬁﬂ; sample (s,a,r,s’)

7 fh(s.{cuaﬁ} A ﬁh(sia ﬂ,ﬁ) + Rﬁ(sﬁ: ﬂﬁ)?ﬂh(sgi ﬂ“ﬁ) — f'rh(s.lii'cu ﬂ’ﬁ) + Vh+1(3ﬁ—|—1);
8 Nh(sﬁ:aﬁ} — Nh(siaﬂt) + 1: Nh(sﬁl ﬂ“ﬁ) — Nh(s::cuaﬁ} + 13
9 if Ni(sk,af)e £ then
10 // Reaching the end of the stage

k H? f/ 1 (d) (d),
11 bh P Nhfsﬁ,ﬂ:}t’ + ﬁh(!;ﬂb,ﬂg L, bﬁ 4_ &1" + Hﬁp *

E _k - k ky Talsh.al) | Dal(sf.ap) k .

N Qn(shaf)  min {Qn(sk of), RECRT + RCKLE + th+ 2 f update Q & V
13 Vh(sl‘:‘;) — max, Qh(sﬁ, a);
14 Nh(sﬁaaﬁ} — Oaﬁﬁ(stn &E) — 0: ﬁh(sﬁ: ﬂ,ﬁ) — 0;

Mao, W., Zhang, K., Zhu, R., Simchi-Levi, D., & Basar, T. (2025). Model-Free Nonstationary Reinforcement Learning: Near-Optimal Regret and Applications in Multiagent
Reinforcement Learning and Inventory Control. Management Science, 77(2), 1564-1580.




2. Algorithm & Analysis

RestartQ-UCB (Hoeffding)

= RestartQ-UCB

o A familiar Q-Learning algorithm... but over a nonstationary environment!

for

oo R W

10

11

12

13

14

1 for epoch d + 1to D do
:  Initialize: V;,(s) <« H — h+ 1,Qu(s,a) « H — h+ 1, Ny(s,a) « 0, Ni(s,a) < 0,
Fr(s,a) « 0,0,(s,a) « 0, for all (s,a,h) € S x A x [H]; N
for episode k « (d — 1)K + 1 to min{dK, M} do
observe s¥;

step h + 1 to H do

Take action a} « arg max, Qy (s}, a), receive R} (sk, a}), and observe s} . ;;
k

ﬁh(sh:aﬁ) A th(sia ﬂ‘,ﬁ) + Rﬁ(sﬁl aﬁ),ﬂh(sﬁ, G’ﬁ) — th(Si, ﬂ‘,ﬁ) + Vh+](3§+1);

Nh(sﬁnaﬁ) A Nh(sﬁaﬂt) + 1, ﬁh(sﬁl ﬂﬁ) — ﬁh(sisaﬁ) + 13
if Ni(sk,af)e £ then
// Reaching the end of the stage

(d) (d),
bk{_1fN(s:,a:L+1! s;,aﬁ brba = Ay "+ HA,

(D Periodically
forget everything
(RestartQ-UCB)

Qn(s¥,al) « min {Qh(sh,aﬁ): ;;:;1({1& ap) + ;:;{?:,a;;) + bF +2b5}=7
Vi(s) + maxq Qn(sh, a);
Nh(Sﬁ,ﬁﬁ) — O,ﬁﬁ(SE, &E) 0, ﬁh(sﬁ: ﬂ‘,ﬁ) 05

(7() Compute UCB
bonus terms

_ (RestartQ-UCB)

Mao, W., Zhang, K., Zhu, R., Simchi-Levi, D., & Basar, T. (2025). Model-Free Nonstationary Reinforcement Learning: Near-Optimal Regret and Applications in Multiagent
Reinforcement Learmng and Inventory Control. Management Science, 71(2), 1564-1580.
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2. Algorithm & Analysis

RestartQ-UCB (Hoeffding)

» @ Why periodically forget everything to handle nonstationarity?

Q-Learning Timeline h=1 h=2 h=3 h=H
[ J
'm a — (old) =looe T Y T % A y a °
m=2 e " ° A ° A N . A
R : : : :
(ﬁ/ b — (recent) A . A ; A + A
t — (current) I - e —

o Note that, our env is as much nonstationary as variation budget A
o Env at t is similar to env at b, but distant to env a
o This means, at timepoint t, Q, is useful but Q, is outdated

o So we better forget Q, when learning Q!

Mao, W., Zhang, K., Zhu, R., Simchi-Levi, D., & Basar, T. (2025). Model-Free Nonstationary Reinforcement Learning: Near-Optimal Regret and Applications in Multiagent
Reinforcement Learning and Inventory Control. Management Science, 77(2), 1564-1580.



2. Algorithm & Analysis

RestartQ-UCB (Hoeffding)

» @ What are UCB(Upper Confidence Bound) terms for?

o Question: Suppose we want to estimate Q-values for actions a;,a,,a; as below.

which action should we choose first for exploration? (width of distrib. = uncertainty)

p(Q)

...........................................................

Answer: aT

o Principle1: "The more uncertain we are about Q(a), the more important it is to explore the action”

Mao, W., Zhang, K., Zhu, R., Simchi-Levi, D., & Basar, T. (2025). Model-Free Nonstationary Reinforcement Learning: Near-Optimal Regret and Applications in Multiagent
Reinforcement Learning and Inventory Control. Management Science, 77(2), 1564-1580.



2. Algorithm & Analysis

RestartQ-UCB (Hoeffding)

» @ What are UCB(Upper Confidence Bound) terms for?

o UCB Algorithm: “Pick the action according to the upper bound of the confidence interval

uncertainty U(a)

X
[ |

( P ) a =argmax Q(a)+ U(a)
( Q(a) ) :

Q(a)-u(a) | Q(a)+U(a)

Estimated mean

o Principle2: "Optimism in the face of uncertainty”

Mao, W., Zhang, K, Zhu, R, Simchi-Levi, D., & Basar, T. (2025). Model-Free Nonstationary Reinforcement Learning: Near-Optimal Regret and Applications in Multiagent
Reinforcement Learning and Inventory Control. Management Science, 717(2), 1564-1580.



2. Algorithm & Analysis

RestartQ-UCB (Hoeffding)

» @ What are UCB(Upper Confidence Bound) terms for?

1 for epochd + 1to D do

2 Initialize: V},(s) < H — h+ 1,Qu(s,a) « H — h+ 1, Ny (s,a) « 0, Ni(s,a) + 0,
7n(s,a) + 0,94(s,a) « 0,forall (s,a,h) €S x A x [H];

3 forepisode k + (d — 1)K + 1 to min{dK, M} do

4 observe s};

s for step h + 1 to H do

6 Take action af « argmax, Qy,(sf, a), receive R} (sk, af), and observe s ;

7 th(.ﬁ‘ﬁ, ﬂ_ii) A f-’l('gﬁ: ﬂ‘ﬁ) + Rﬁ(sﬁs ﬂ‘ﬁ)aﬁh(sts ﬂ‘ﬁ) — Ty, (Sﬁ, ﬂ‘,ﬁ) + Vh+1(sﬁ+l);

8 Ni(s},af) < Ni(sk,af) +1, Nu(sk, af) < Nu(sf, af) + 1;
’ if Ni(sf,af) € £ then
10 // Reaching the end of the stage

empirical mean

empirical mean reward empirical mean next value

uncertainty bonus

A |
7i(sk, ak) oy (sk, ak) ! ‘
Qh(s;‘,’,aﬁ) < min Qh(siaai‘)! = T Ji. — }1.’ ’L + bi + 2ba
Ni(s}, ar) Ni(sp,, ap) ~~ o~
Nt Nt sampling / UCB bonus ~ nonstationarity bonus

d d
% mirat ty morant ba © A+ HAY:
k _k k _k
Qh(siaaﬁ) A m_in{Qh(Sf{,ag), Tubia) + Iulopayl + bﬁ + 2bﬁ};

Ni(soar)  Na(sgaz)

Vi(s)  max, Qn(sf, a);
Nh(Sﬁ,aﬁ) — Osth('sﬁ: ﬂﬁ) — Osﬁh(sﬁ: ﬂ‘t) « 0;

Mao, W., Zhang, K., Zhu, R., Simchi-Levi, D., & Basar, T. (2025). Model-Free Nonstationary Reinforcement Learning: Near-Optimal Regret and Applications in Multiagent
Reinforcement Learning and Inventory Control. Management Science, 77(2), 1564-1580.



2. Algorithm & Analysis

RestartQ-UCB (Hoeffding)

» @ What are UCB(Upper Confidence Bound) terms for?

1 for epochd + 1to D do

2

Initialize: V},(s) < H — h+ 1,Qu(s,a) « H — h+ 1, Ny (s,a) « 0, Ni(s,a) + 0,
7n(s,a) + 0,94(s,a) « 0,forall (s,a,h) €S x A x [H];
for episode k + (d — 1)K + 1 to min{dK, M} do
observe s};
for step h + 1 to H do
Take action af « argmax, Qy,(sf, a), receive R} (sk, af), and observe s ;
th(-‘i‘ﬁ, aﬁ) A fﬁ(sﬁs ﬂ‘ﬁ) + Rﬁ(sﬁs ﬂ‘ﬁ)aﬁh(sts ﬂ‘ﬁ) — Tp (Sﬁ, ﬂ‘,ﬁ) + Vh+1(sﬁ+l);
Niu(sk,al) « Ni(sk,ak) + 1, Nu(sk,af) < Nu(sk,af) + 1;
if Ni(sf,af) € £ then
// Reaching the end of the stage

k k . E
Qh(Sh,ﬂi) < min {Qh(shaai)s

empirical mean

uncertainty bonus

| 1
~ ok k = ok ok | 1
"':h (s, @) "'ih (s, ap) + BE + b
N(s}, af) N (s}, af) :
—— ——

empirical mean reward

empirical mean next value

S~ ) .
sampling / UCB bonus nonstggbnarity bonus

2 d d
\bﬁ(_\/ﬁ,\(f;c L+\/N,.(slﬁ,af‘)t’ bA*-AEJ+HA§,];

k _k k k
Qh(siaaﬁ) — m_in{Qh(sf{,ag), flagay) + Inlohody) + bﬁ + 2bﬁ};

Ni(soar)  Na(sgaz)

%
hi%h

Vi(sy)  max, Qn(s}, a);
Nh(Sﬁ,aﬁ) — Osth('sﬁ: ﬂﬁ) — Osﬁh(sﬁ: ﬂ‘t) « 0;

pd

by « AP + HAY

Nonstationary bonus:

the bigger delta

= the more nonstationary the model is
the more uncertain the model is

the more important it is to explore

A

Mao, W., Zhang, K., Zhu, R., Simchi-Levi, D., & Basar, T. (2025). Model-Free Nonstationary Reinforcement Learning: Near-Optimal Regret and Applications in Multiagent
Reinforcement Learning and Inventory Control. Management Science, 77(2), 1564-1580.



2. Algorithm & Analysis

RestartQ-UCB (Hoeffding)

: — 2
Theorem 1. (Hoeffdln.g'). For T = Q(SAAH"), andfor any (6 number of states N
0 € (0,1), with probability at least 1 — 0, the dynamic regret A - number of actions
of Restaer—UCB with Hoeffding bonuses is bounded by A : variation budget .
O(SSASASHATS), where O(-) hides polylogarithmic factors 71{ : t’;‘ig;T;?g;:iﬁiﬁ;;g'?de
of S, A, T,and 1/6. \_ a PS )
'O‘ contribution Q contribution Q contribution Q contribution
RestartQ-UCB RestartQ-UCB Theoretical
Our plan Ao i) Double RestartQ-UCB (Freedman) Lozoerrebolucnad
~ 1115 2 . 111 2 33 ~ 111 2 ~ 111 2 2
O(S3A3A3H3T3) -, O(S3A3A3HT3 + H4T2) ~  O(S3A3A3HT3) ~ O(S3A3A3H3T3)
)
Now here

Mao, W., Zhang, K., Zhu, R., Simchi-Levi, D., & Basar, T. (2025). Model-Free Nonstationary Reinforcement Learning: Near-Optimal Regret and Applications in Multiagent 18
Reinforcement Learning and Inventory Control. Management Science, 77(2), 1564-1580.



2. Algorithm & Analysis

RestartQ-UCB (Freedman)

Hoeffding type UCB is replaced
by a tighter Freedman type UCB,

Algorithm 1: RestartQ-UCB (Hoeffding/I'reedman) which is more involved..

1 for epoch d<1 to D do -

2 Initialize: Vi(s) < H —h+1,Qu(s,a) < H — h+1,Ny(s,a) < 0, Ny (s,a) < 0, 7 (s, a)
0,9,(s,a) « 0,jfn(s,a) ¢ 0,64(5,a) « 0. 15 (s.a) < 0,05 (s, a) + 0. Vi<(s) < H| for all
(s,a,h) €S x Ax [HJ;

3 for episode k« (d— 1)K +1 to min{dK, M} do

4 observe si;

5 for step h+ 1 to H do

6 Take action a;, < argmax, Q. (sy,a), receive Ry (sy,as), and observe sj41;

7 T (Sny an) < Ta(Sn, an) + Bu(sn, an), 0n(sn, an) < 0n(Sn, an) + Vig1(Snt1)s

8 Blsnyan) = i(sn, an) + Vigr(sng1) — Vish (snia);

9 5(snyan) < &(su,an) + (Vg (n41) — Vrff1($h+1))25

10 B (Sny an) = 17 (81 an) + Vish (sn41), 7 (80, an) = 0™ (50, an) + (Vs (5n41))7;
11 ﬂgNh(Sm ap) < Ny (sp,an) +1, de;‘Nh(Shy ap) + Ny (sn,an) +1;
12 if Ny (sp.ap) € L then
13 // Reaching the end of the stage
14 by, HTZH-,/%L, ba + Al + HAD:
- by, g [T, 5ty By Eatt ) 1
16 Q;,_(sh,ah)<—min{g+§;+bh+2bA, Ty o, | uuQ,,(sh,ah)}; (¥)
17 Vi(sn) + max, Qn(sn,a);
18 Ni(sn,an) < 0,75 (s, an) < 0,04 (sn, an) = 0, i (sp.an) < 0.6, (s an) < 0
19 if 3 Np(sp,a) = Ny then // Learn the reference value
20 Vhref(sh’) = Vh(Sh);
Mao, W., Zhang, K., Zhu, R., Simchi-Levi, D., & Basar, T. (2025). Model-Free Nonstationary Reinforcement Learning: Near-Optimal Regret and Applications in Multiagent 19
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2. Algorithm & Analysis

RestartQ-UCB (Freedman)

Algorithm 1: RestartQ-UCB (Hoeffding/I'reedman)

1 for epoch d<1 to D do

Hoeffding type UCB is replaced
by a tighter Freedman type UCB,
which is more involved..

(*)

2 Initialize: V,(s) <« H — h+1,Q,(s,a) «— H — h+1,N,(s,a) < 0, N, (s,a) < 0, 71 (s,a)
0,9(8,a) 0, /15 (s,0) < 0,63,(5,a) « 0, 113 (s,a) « 0,05 (5.a) < 0,V (s) « H, for all
(s,a,h) €S x Ax [HJ;

3 for episode k« (d— 1)K +1 to min{dK, M} do
4 observe s;

Theorem 5 iFreecjmana NO Local BUdgetS)- Por T greater : for;;ilé Z;c}ntzhg—i?gmaanh(sh,a), receive Ry, (sy,an), and observe s,.1;

than some polynomial of S, A, A, and H, and for any 6 € (0,1), " Pionsan) € Py 8n) + Rl 1), 0n(ons a0) € Tn(on,00) + Vi ona)

. -y . 8 J(snyan) < flsnan) + Vi (snar) — Vs (sn);
with probability at least 1 — 0, the dynamic regret of RestartQ- . Hon ) 5(on ) + (Vi (o) — Vi ()
UCB with Freedman bonuses (Algorithm 1 including the light-| | B o) & s 0) 4 Vi o) 0™ o) 0" o) + ()
. = 1,1 1 = 11 2 Ny (sn,an) < Ni(sp,an) + 1,2 Ny (sp,an) ¢ Ny (sn,a) +1;
face parts) is upper bounded by O(S3A3 ASHTS), where O(-) 2 iF Nu(on. ) € £ then
. . . 13 // Reaching the end of the stage

hides polylogarithmic factors of S, A, T, and 1/6. 5 b [\, by A+ A
15 bhegv/"wzfz\/&m ,“f‘ mg"+5(%+%+%+I,{’,/&”“J‘H‘\V‘/Z:
16 Q;,_(sh,ah)<—min{g+%+bh+26A, L4 /’L:I FE+2b, 4 l{)JQh(sh,ah)};
17 V. (s3) ¢ max, Q) (s,.a):

RestartQ-UCB _ RestartQ-UCB Theoretical
(Hoeffding) Double RestartQ-UCB (Freedman) Lowerbound
~ 111 5 2 ~ 111 2 3 3 ~ 111 2 ~ 111 2 2
O(S3A3A3H3T3) .~ O(S3A3A3HT3 + HaT2) >  ((S3A3A3HT3) > O(S3A3A3H3T3)

Mao, W., Zhang, K., Zhu, R., Simchi-Levi, D., & Basar, T. (2025). Model-Free Nonstationary Reinforcement Learning: Near-Optimal Regret and Applications in Multiagent

Reinforcement Learning and Inventory Control. Management Science, 77(2), 1564-1580.

Near-optimal!
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2. Algorithm & Analysis

RestartQ-UCB (Freedman)

Caveat: For optimality,
D = 5—1/3 'A_1/3 . A2/3 . H—2/3 . T1/3

i.e. restart scheduling
requires prior knowledge of A

Can we get rid of this?

Mao, W., Zhang, K., Zhu, R., Simchi-Levi, D., & Basar, T. (2025). Model-Free Nonstationary Reinforcement Learning: Near-Optimal Regret and Applications in Multiagent
Reinforcement Learning and Inventory Control. Management Science, 77(2), 1564-1580.

Algorithm 1: RestartQ-UCB (Hoeffding/I'reedman)

2 InitializeV,,(s) « H — h+1,Q,(s,a) « H — h+ 1, Ny(s,a) + 0, Ny (s,a) < 0, 7,(s,a)
Tn(s,a) < 0,15 (s,a) < 0,6,(s,a) « 0, 15 (s, a) « 0,05 (s.a) « 0, V,;**(s) + H, for all
(s,a,h) €S x Ax [HJ;

g

3 for episode k« (d— 1)K +1 to min{dK, M} do

4 observe si;

5 for step h+ 1 to H do

6 Take action a;, < argmax, Q. (sy,a), receive Ry (sy,as), and observe sj41;

7 Tn(Snyan) < 7u(Snsan) + Ry (sn,an), 0n(sn,an) < 0n(Sn, an) + Vigr (Sh41);

8 alsn,an) < p(sn.an) + Viei (sns1) 1«";:;{1(’3;,“):

9 a(sp,an) + a(sy.ap)+ (V,, 1 (8ny1) — VS (sny ]))2:
10 1 (s, an) 4 < (sn.an) + Vit (sni), 07 (sn, @) < 0™ (sp, an) (l»",:'j'r't(.s‘/, )%
11 ndgNh(sh, ap) < Ny(sn,an) +1, degNh(smah) — Ny(sn,an) +1;
12 if Ny (sp.ap) € L then
13 // Reaching the end of the stage
14 by e/ E2 0+ \/;, ba + Al + HALD:

s (R Yy TSI Yy I T N T J+y/ L
16 Q;,_(sh,ah)<—min{§+§+bh+26A, :;+"::[vf:+2f;hvl()AAQ,,(sh,ah)}; (%)
17 Vi(sn) + max, Qn(sn,a);
18 Nu(sp,an) 0,7 (sp, an) < 0,0, (sp, an) 0, /1, (5, a,) 0,6, (55, a,) « 0;
19 if >° Ni(sp,a) =N, then // Learn the reference value
20 Viel(sp) < Vi(sp);




2. Algorithm & Analysis

Double-Restart Q-UCB

Here, D is “learned”
in an online manner,

rather than “given”
as a parameter

Multi-Armed Bandit Problem

restartQ-UCB

)
[y
A 4

restartQ-UCB

>
N
v

restartQ-UCB

\_ J

>
=

Mao, W., Zhang, K., Zhu, R., Simchi-Levi, D., & Basar, T. (2025). Model-Free Nonstationary Reinforcement Learning: Near-Optimal Regret and Applications in Multiagent
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Algorithm 2 (Double-Restart Q-UCB)
1 Input: Parameters W, 7, @, and y as given in Equa-
tions (2) and (3).
2 Initialize: Weights of the bandit arms si(j)=

exp(%\ /FA}iﬁ\ﬂ) forj=0,1,...,[In W].

3 forphasei« 1to [%] do

(i +17
1

)= (=), =0,
=0

5 Draw an armi7from {0, ..., ]} randomly accord-

ing to the probabilitieSpHQ), . . ., pith; -

6  Set the estimated number of epochs|D; « L%;!_—WJ

7 Run a new instance of Algorithr
lightface parts) for W episodes with parameter
value D « D;;

8  Observe the cumulative reward R; from the last
W episodes;

9 forarmj«—0,1,...,]do

10 Ri(j) « Ril{j = Ai}/(WHp,(j));

—

1 5i+1(j) esj(j)exp(ﬁ (ﬁ;(])‘FW‘/W))r
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2. Algorithm & Analysis

Double-Restart

Q-UCB

mic factors.

[Theorem 4 (Freedman, No Total Budgets). For T greater
than some polynomial of S,A,A, and H, and for any
6 € (0,1), with probability at least 1 — 6, the dynamic regret
of Double-Restart Q-UCB with Freedman bonuses and no
prior knowledge of the total variation budget A is bounded
by O(SSASASHT: + HiT3), where O(-) hides polylogarith-

Compared to RestartQ-UCB (Freedman),

- more overhead for learning D

- but more robust to unknown, irregular,
and abrupt environment changes

Algorithm 2 (Double-Restart Q-UCB)
1 Input: Parameters W, 7, @, and y as given in Equa-
tions (2) and (3).
2 Initialize: Weights of the bandit arms si(j)=

exp (% \ /rA}IﬂNT) forj=0,1,...,[In W].

3 forphasei« 1to [%] do

Lop A= =0k

5 Draw an arm A; from {0, ..., ]} randomly accord-
ing to the probabilities p;(0), ..., pi(J); N

6  Set the estimated number of epochs D; « L%;%J ;

7  Run a new instance of Algorithm 1 (including|
lightface parts) for W episodes with parameter
value D « D;;

8  Observe the cumulative reward R; from the last
W episodes;

9 forarmj«—0,1,...,]do

RestartQ-UCB
(Hoeffding)

. 11152
0 (S3A3A3H3T3)

Double RestartQ-UCB

_
A3A

1 1 2 3 3
3A3A3HTS + HaT#) >

» 0(S

RestartQ-UCB
(Freedman)

Theoretical
Lowerbound =));
111 2 11122 [
> O(S3A3A3H3T3)

0(S3A3A3HT3)

Still near-optimal!
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Reinforcement Learning and Inventory Control. Management Science, 77(2), 1564-1580.
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3. Conclusion

Experiment

= Compared Algorithms

— e _____ Framework ____| _Time Complexity

RestartQ-UCB Q-Learning O(SéA;AéHTB)
- - _ ; 111 2 3 3
Double-Restart Q-UCB O UCB Q-Learning 0(S3ASAZHTS + HiT7)
LSVI-UCB-Restart O UCB Least-Squares Value lteration O(SgAgAéHgTé) (SOTA)
Baseline - Q-Learning UCB X UCB Q-Learning -
Epsilon-Greedy O e-greedy Q-Learning -

Mao, W., Zhang, K, Zhu, R, Simchi-Levi, D., & Basar, T. (2025). Model-Free Nonstationary Reinforcement Learning: Near-Optimal Regret and Applications in Multiagent
Reinforcement Learmng and Inventory Control. Management Science, 71(2), 1564-1580.
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3. Conclusion

Experiment

= Compared Algorithms —m

RestartQ-UCB Q-Learning O(SSA3A3HT3)
Double-Restart Q-UCB ] UCB Q-Learning O(S;A;AéHTB o H4T4)
LSVI-UCB-Restart 0 UCB Least-Squares Value Iteration G(Si e AEHETS) (SOTA)
Baseline Q-Learning UCB X UCB Q-Learning =
Epsilon-Greedy 0O e-greedy Q-Learning -
. . 400009 ==-- ReSta I’tQ-UCB /’:
[ | //
Simulation LSVI-UCB-Restart
0 —— Q-Learning UCB - .
e, p -
o Benchmark &5 30000 | ........ Epsilon-Greedy : Q Learmng UCB
2 —— Double-Restart Q-UCB -~ : no restart
= Bidirectional Diabolical Combination Lock @ ’
> 20000 1
©
o particularly difficult for exploration E
ooy e Epsilon-Greedy
........................... - no UCB
il
0 10000 20000 30000 40000 50000
Episodes
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3. Conclusion

Experiment

= Compared Algorithms —m

RestartQ-UCB Q-Learning

O(SBA3A3HT3)
Double-Restart Q-UCB 0 UCB Q-Learning O(S;A;AéHTB o H4T4)
LSVI-UCB-Restart 0 UCB Least-Squares Value lteration G(Si e AEHETS) (SOTA)
Baseline Q-Learning UCB X UCB Q-Learning =
Epsilon-Greedy 0 e-greedy Q-Learning -
= Simulation 400001 ---- RestartQ-UCB i
LSVI-UCB-Restart g
v —— Q-Learning UCB A Algorithm Time per episode
5 200005 | i Epsilon-Greedy
é —— Double-Restart Q-UCB (’,/ ReStaI‘tQ—UCB 0.102 ms only Iittle
2 50000 Double-Restart Q-UCB 0.105 ms overhead!
= LSVI-UCB-Restart 57.65 ms — very slow!
S ;
Saoo{ Q-Learning UCB 0.098 ms
................................ Epsilon-Greedy 0.123 ms
o] £
(') 10600 ZO(I)OO 30(l)00 40600 SO(I)OO
Episodes

Mao, W., Zhang, K., Zhu, R., Simchi-Levi, D., & Basar, T. (2025). Model-Free Nonstationary Reinforcement Learning: Near-Optimal Regret and Applications in Multiagent
Reinforcement Learmng and Inventory Control. Management Science, 71(2), 1564-1580.



3. Conclusion

Concluding Remark

» Proposed two model-free learning algorithms for nonstationary MDPs
~ 1t 11 2
o RestartQ-UCB : 0(S53A3A3HT3)

~ 111 2 3 3
o Double-Restart Q-UCB : 0(S3A3A3HTs + H2T4)
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3. Conclusion

Concluding Remark

» Proposed two model-free learning algorithms for nonstationary MDPs
~ 1t 11 2
o RestartQ-UCB : 0(S53A3A3HT3)
~ 111 2 3 3
o Double-Restart Q-UCB : 0(S3A3A3HTs + H2T4)

= And showed that they are near-optimal

1 1 1 2 2
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3. Conclusion

Concluding Remark

» Proposed two model-free learning algorithms for nonstationary MDPs
~ 1t 11 2
o RestartQ-UCB : 0(S53A3A3HT3)
~ 111 2 3 3
o Double-Restart Q-UCB : 0(S3A3A3HTs + H2T4)

= And showed that they are near-optimal

1 1 1 2 2

= With supporting empirical results

o competitive in both rewards & time

o justification of Restart & UCB in their design
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3. Conclusion

Concluding Remark

» Proposed two model-free learning algorithms for nonstationary MDPs
~ 1t 11 2
o RestartQ-UCB : 0(S53A3A3HT3)
~ 111 2 3 3
o Double-Restart Q-UCB : 0(S3A3A3HTs + H2T4)

= And showed that they are near-optimal

1 1 1 2 2

= With supporting empirical results
o competitive in both rewards & time

o justification of Restart & UCB in their design

= Future Direction

o Close the remaining G(Hé) gap
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